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We study a family of noncommutative spacetimes constructed by one four-vector. The large
set of coordinate commutation relations described in this way includes many cases that are widely
studied in the literature. The Hopf-algebra symmetries of these noncommutative spacetimes, as
well as the structures of star product and twist, are introduced and considered at first order in
the deformation, described by four parameters. We also study the deformations to relativistic
kinematics implied by this framework, and calculate the most general expression for the momentum
dependence of the Lorentz transformations on momenta, which is an effect that is required by
consistency. At the end of the paper we analyse the phenomenological consequences of this large
family of vector-like deformations on particles propagation in spacetime. This leads to a set of
characteristic phenomenological effects.
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2I. INTRODUCTION
The lattice approach is a well established regulator for Quantum Field Theory (QFT) calculations, which involves
approximating spacetime with a discrete lattice of spacing `. In this way all internal lines of a Feynman diagram
are regularized by a momentum cut-off M ∼ 1/` (in ~ = c = 1 units). In Quantum Gravity, on the other hand,
the difficulties posed by the non-renormalizability of perturbative General Relativity appear to be a consequence of
the continuum assumption, i.e. that the space of functions over which the path integral is defined includes functions
which vary appreciably within arbitrarily small regions. It may be tempting then to introduce a minimal length `
as an actual property of spacetime, in order to regularize Quantum Gravity. Parameter ` is generally assumed to be
of the order of Planck length Lp ∼ 1.6 × 10−35m, and the related energy scale is EP ∼ 1.2 × 1028eV. However this
minimal length-scale1 ` cannot be simply introduced as a ‘lattice spacing’ for spacetime, as one does in lattice QCD,
because this would break Lorentz invariance. One way to keep a notion of minimal length and a sort of momentum
cutoff in a Lorentz-invariant way is to implement ` as a quantum property of spacetime. For example, the angular
momentum in nonrelativistic quantum mechanics can have a nonzero expectation value without breaking rotational
symmetry (in all m = 0, l 6= 0 states) [1]. This is realized by introducing the deformation scale (in the case of angular
momentum, ~) into the commutation relations describing the system. In this paper we assume that the Planck scale is
similarly introduced into the quantum structure of spacetime through some nontrivial commutation relation between
coordinates describing generalized κ-deformed Minkowski space [2], such as
[xˆµ, xˆν ] = i(aµxˆν − aν xˆµ), (1)
in which aµ is a four vector proportional to M−1, where M is a deformation scale that, in units c = } = 1, has the
dimensions of an energy. Describing the symmetries of such noncommutative spacetimes requires the mathematical
framework of Hopf algebras [3, 4], which generalize the Lie algebra structure of the special-relativistic Poincare´ group.
From the physical point of view, this approach leads to a generalization of Special Relativity realized within the
framework of Deformed Special Relativity [5], which inspired a large number of phenomenological investigations
seeking experimental evidence of Planck-scale effects [6–8].
In this paper we propose a general study of a large class of noncommutative spacetimes, their relativistic properties
and some preliminary investigations on the physical effects that can be expected by the various configurations of
vector aµ, as defined in Refs. [9–11]. We will in fact define the possible classes of deformations as timelike, lightlike
or spacelike, according to the value of the norm of aµ, respectively aνa
ν = {a2, 0,−a2}, a ∈ R (in this paper the
convention for the Minkowski metric is η = diag(1,−1,−1,−1)).
In Section II we will introduce the most general vector-like realization of a deformed Heisenberg algebra that can be
written using only one vector aµ (at all orders in M−1). For this purpose, it is useful to split aµ into a dimensionless
normal vector uµ and the scale factor M−1, so that aµ ∼ uµ/M . Such a general framework contains κ-Minkowski,
one of the most studied noncommutative spacetimes [12], as special timelike case at first order in M−1. Also Snyder
[13, 14] commutation relations can be obtained by a particular choice of xˆ configuration (of course taking into account
corrections of order M−2), but not the Moyal one, because its characteristic antisymmetric tensor θµν cannot be
reproduced introducing just one vector, and should be then investigated using a different formalism. In Section III we
will define our deformed Heisenberg algebra at first order in M−1, and define the Hopf-algebra structures (left hand
side action, star product and coproduct) that are needed to describe its symmetries. Section IV is dedicated to a
more physical exploration of the properties of the noncommutative spacetimes we introduced. We will write a general
parametrization for the boost generator and investigate on the relativistic properties of boost transformations. In
Section V, we will find some perturbative results up to first order in 1/M , obtaining some constraints from relativistic
principle, useful to discuss some special cases of particular interest in literature [10]. Finally, in Section VI , we will
explore a large set of phenomenological effects arising from different noncommutative spacetime models. We will
observe that the large parametrization that we are going to introduce in Sec. II will allow us to shed more light on
the relations between the shape of coordinate noncommutativity and Planck-scale effects on particle propagation in
spacetime.
1 It is more correct to define ` as a minimal length-scale related to a minimal area, rather than a proper length, since such an identification
is possible only in 1+1D.
3II. VECTOR-LIKE DEFORMATIONS
The undeformed Heisenberg algebra H(x, p) is given by:
[xµ, xν ] = 0 , [pµ, pν ] = 0 ,
[xµ, pν ] = iηµν .
(2)
The undeformed coordinates xµ generate an enveloping algebra A(x), which is a subalgebra of H(x, p), i.e. A(x) ⊂
H(x, p). The momenta pµ generate the algebra T (p), which is also a subalgebra of H(x, p), i.e. T (p) ⊂ H(x, p).
The most general realization of noncommutative coordinates xˆµ, linear in the commutative coordinates x
β ,2 that
can be constructed with a vector uµ ∈M1,n−1, such that u2 ∈ {1, 0,−1}, and a dimensionful deformation parameter
M−1, where M is of order of the Planck mass, is given by:
xˆµ = xµf1 +
f2
M
uµ(x · p) + f3
M
uµ(u · x)(u · p) + f4
M
(u · x)pµ + f5
M2
(x · p)pµ + f6
M
uµ +
f7
M2
pµ =
= xαϕαµ
( p
M
)
+
1
M
χµ
( p
M
)
,
(3)
where f1,...,7 are functions of A ≡ u · p/M and B ≡ p2/M2.
The deformed Heisenberg algebra Hˆ(xˆ, p) ∼ H(x, p) is given by (see also [15, 16]):
[xˆµ, xˆν ] = i(uµxˆν − uν xˆµ)F1
M
+ i(xˆµpν − xˆνpµ)F2
M
+ i(u · xˆ)(uµpν − uνpµ) F3
M2
+
+ i(xˆ · p)(uµpν − uνpµ) F4
M3
+ i(uµpν − uνpµ) F5
M3
,
(4)
[xˆµ, pν ] = iηµνf1 +
i
M
uµpνf2 +
i
M
uµuν(u · p)f3 + i
M
uνpµf4 +
i
M2
pµpνf5 , (5)
[pµ, pν ] = 0 , (6)
where F1,..,5 are also functions of A and B which can be expressed in terms of the functions f1,...,7 and their derivatives.
The calculation of these functions is straightforward but tedious. If we restrict the discussion to the deformations of
Minkowski space which form a closed algebra, then from formula (4) it follows that only the case of the generalized
kappa-deformed Minkowski space (1) would remain. However, it is important to point out that this construction
unifies commutative spaces to various types of non-commutative spaces, including κ-Minkowski space [12], Snyder
space [13], generalized Snyder spaces [16] and κ-Snyder spaces [17]. The Moyal space (θ-deformation) and quadratic
deformations are not included in this construction. The coproduct of pµ, the twist F and the star product can be
calculated perturbatively, as we will show in the next two sections.
III. REALIZATIONS AT FIRST ORDER IN 1/M
The vector-like realizations at first order in 1/M with χµ(p) = 0 are given by:
xˆµ = xµ +
1
M
(
c1xµ(u · p) + c2uµ(x · p) + c3uµ(u · x)(u · p) + c4(u · x)pµ
)
= xµ +Kβµαx
αpβ , (7)
where c1,2,3,4 ∈ R.The commutator of these deformed coordinates is:
[xˆµ, xˆν ] = i
c1 − c2
M
(uµxˆν − uν xˆµ) +O(1/M2). (8)
A. Action ., star product and twist
The left-action . of H on A is a map . : H(x, p)⊗A(x)→ A(x) with the following properties:
xµ . f(x) = xµf(x) ,
pµ . f(x) = [pµ, f(x)] = −i∂f(x)
∂xµ
.
(9)
2 This assumption ensures the noncommutative spacetime we want to describe to be geometrically flat. By keeping coordinates at most
linear in every expression we are mantaining the vector space structure that characterizes the Cartesian coordinates of Minkowski
spacetime.
4Analogously to A(x), the deformed coordinates xˆµ generate an enveloping algebra Aˆ(xˆ) if the commutation relations,
Eqs. (4) and (8), are closed in xˆµ. For every function f(x) ∈ A(x), which can be Fourier expanded, there exists
fˆ(xˆ) ∈ Aˆ(xˆ) such that [15, 16]:
fˆ(xˆ) . 1 = f(x). (10)
The star product ? : A(x)⊗A(x)→ A(x) is defined by:
f(x) ? g(x) =
(
fˆ(xˆ)gˆ(xˆ)
)
. 1 = fˆ(xˆ) . g(x). (11)
For Lie-algebraic deformations, the star product is associative
(f(x) ? g(x)) ? h(x) = f(x) ? (g(x) ? h(x)) . (12)
The star product is related to the twist operator F−1 ∈ H(x, p)⊗H(x, p) constructed in [18] in the following way:
f(x) ? g(x) = m
[F−1(.⊗ .)(f(x)⊗ g(x))] , (13)
where f(x), g(x) ∈ A(x) and m : H(x, p) ⊗ H(x, p) → H(x, p) is the multiplication map of the algebra H(x, p).
Furthermore [15],
fˆ(xˆ(x, p)) = m
[F−1(.⊗ 1)(f(x)⊗ 1)] , f(x) ∈ A(x) , (14)
where fˆ(xˆ) ∈ Aˆ(xˆ) is expressed in terms of x, p ∈ H(x, p). As a special case of equation (14), the deformed coordinates
xˆµ can be obtained from the twist using the following relation:
xˆµ = m
[F−1(.⊗ 1)(xµ ⊗ 1)] . (15)
The twist F−1 related to linear realization of xˆµ = xµ +Kβµαxαpβ is given by [10]:
F−1 = eipWα ⊗(xˆα−xα) = 1⊗ 1 + pα ⊗ (xˆα − xα) +O(1/M2) , (16)
where pWµ is a function of pµ and uµ satisfying:
(pWµ − kµ)eik·xˆ . 1 = 0 (17)
where superscript W denotes Weyl ordering. Note that xˆµ − xµ = Kβµαxαpβ +O(1/M2).
The coproduct ∆pµ is given by
∆pµ = F∆0pµF−1 = pµ ⊗ 1 +
(
eK
)
µα
⊗ pα = ∆0pµ −Kµαβpα ⊗ pβ +O(1/M2) , (18)
where ∆0pµ = pµ ⊗ 1 + 1⊗ pµ and K = −Kµαν(pW )α.
The star product between two plane waves gives the deformed addition of momenta [10, 19]:
eik·x ? eiq·x = eiD(k,q)·x , (19)
where kµ, qµ ∈M1,n−1 and the function Dµ(k, q) = (k ⊕ q)µ satisfies
∆pµ = Dµ(p⊗ 1, 1⊗ p), (20)
in agreement with (18). The function Dµ(k, q) describes the deformed addition of momenta (k ⊕ q)µ = Dµ(k, q).
IV. GENERAL LORENTZ TRANSFORMATIONS
The mathematical construction introduced in Sections II and III has profound implications for the relativistic
framework of physical models. The deformed commutation relations we introduced above are not necessarily Lorentz-
invariant in the ordinary sense. The introduction of the energy scale M into the structure of space time/phase space
is incompatible with standard Lorentz relativistic structure, but, as is well-known after a few decades of studies of
noncommutative spacetimes, this does not imply that the relativistic equivalence between inertial frames is lost. In
5many cases, a ‘deformed’ action of the Lorentz group allows to restore relativistic invariance [20, 21]. A common
assumption in this framework is that the Lorentz group itself (id est the commutation relations between the Mµν
generators) is not deformed (this is justified by the fact that a dimensionful parameter like M−1 cannot enter the
algebraic structure of the Lorentz group). What is deformed is the action of the group on noncommutative coordinates
xˆµ and momenta pµ, and on composed momenta (see below). Typically, there are several possible realizations of the
action of the Lorentz group on our deformed phase space [22], and we want to ‘parametrize our ignorance’ by writing
the most generic one and then constraining its free parameters. To this end, we employ the trick of introducing a
nonlinear realization of Heisenberg’s algebra in which the new set of coordinates (Xµ, Pν) generates an undeformed
Heisenberg algebra H(X,P ) ∼ H(x, p):
[Xµ, Xν ] = 0, [Pµ, Pν ] = 0,
[Xµ, Pν ] = iηµν ,
(21)
but the generators Xµ, Pµ are related to xµ, pµ by a similarity transformations [22]:
Pµ = Σµ(p), (22)
Xµ = x
αψαµ(p), (23)
satisfying
∂Σµ(p)
∂pα
ψαν = ηµν . (24)
The coordinate commutativity is automatically satisfied by relations (22-24). To see this, consider the following.
Starting with equations (22) and (23), let us assume that Xµ and Xν do not commute. Then,
[Xµ, Xν ] = [x
αψαµ(p), x
βψβν(p)] = i x
α
(
∂ψαν
∂pβ
ψβµ − ∂ψαµ
∂pβ
ψβν
)
= XλCµνλ(p) . (25)
Since we assume that [Xµ, Pν ] = iηµν (eq. (21)), then, from Jacobi relations with X,X,P , it follows [[Xµ, Xν ], Pλ] = 0
and consequently, Cµνλ(p) = 0, which implies that [Xµ, Xν ] = 0. Note that Eq. (24) implies that the constraint
Cµνλ(p) = 0 is automatically satisfied. The trick we employed allows to introduce a Lorentz generator with the
properties that we want at no cost. Because the new basis satisfies undeformed commutation relations, we can
introduce a generator of infinitesimal Lorentz transformations as
Mµν = XµPν −XνPµ, (26)
so that the commutation relations between Mµν and itself will close an so(3, 1) algebra by construction, and their
action on Xµ and Pµ will be undeformed. Therefore the boost representation in terms of the coordinates (x, p) will
be:
Mµν = x
α(ψαµ(p)Σν − ψαν(p)Σµ), (27)
and the commutators of Mµν with xˆλ and pλ will be of the following form:
[Mµν , xˆλ] = xˆ
αΓµνλα(p), (28)
[Mµν , pλ] = p
αHµνλα(p), (29)
where Γµνλα and Hµνλα can be expressed in terms of ϕµν and Σµ.
From the construction of Mµν and the Heisenberg algebra H(X,P ), it follows that the generators Xµ, Pµ transform
like vectors under Mµν :
[Mµν , Xλ] = i(Xµηνλ −Xνηµλ), (30)
[Mµν , Pλ] = i(Pµηνλ − Pνηµλ). (31)
The coproduct ∆Mµν is ∆Mµν = F∆0MµνF−1, where it is important to note that ∆0Mµν is not primitive, i.e.
∆0Mµν 6= Mµν ⊗ 1 + 1 ⊗ Mµν . Instead, ∆0Mµν(xαpβ , pγ) = Mµν(∆0xαpβ ,∆0pγ), where ∆0xαpβ and ∆0pγ are
primitive, i.e. ∆0x
αpβ = x
αpβ ⊗ 1 + 1⊗ xαpβ and ∆0pγ = pγ ⊗ 1 + 1⊗ pγ .
The Lorentz transformation of Pµ with respect to the generator M0i is simply
P ′0 = P0 cosh ξ + Pi sinh ξ,
P ′i = Pi cosh ξ + P0 sinh ξ,
(32)
6and P ′j = Pj for j 6= i.
In order to obtain the form of the boost transformations on pµ we express pµ = Σ
−1
µ (P ) as a function of Pµ.
Consider an infinitesimal Lorentz transformation (or rotation) of a particle momentum with rapidity parameters Ξµν
(these are just infinitesimal antisymmetric matrices, usually one has Ξ0i = ξ(i), Ξij |i 6=j = θ(i,j), where the ξs are
parameters with the dimensions of velocity and the θs are angles). We can calculate its explicit form, at first order in
Ξµν , by using the fact that the generators Pµ transform classically:
P ′µ = Pµ + Ξ
αβ [Mαβ , Pµ] = Pµ + Ξ
β
µ Pβ , (33)
then we know what the action on pµ is:
p′ρ = Σ
−1
ρ
[
Σµ(p) + Ξ
σ
µ Σσ(p)
]
, (34)
This defines a Lorentz boost on p as a map Λ(ξ, p). Expanding this function at first order in Ξµν :
p′γ = pγ + Ξ
β
ρ Σβ(p)∂ρΣ
−1
γ (p) = Λ(Ξ, p). (35)
Once the form of the boosts is obtained, one can find the relativistic relations between different observers in spacetime.
In the low rapidity limit ξ  1 the Galileo transformations characterize the relations between energies of two boosted
observers. Furthermore Special Relativity also defines the time dilatation and length contraction effects seen by a
stationary observer while looking at phenomena characterized by high velocities (i.e. ξ  1). However in any case
(and in any limit) even if two boosted observers measure different energies, momenta, time-intervals and lengths,
the Relativity Principle imposes that if some physical phenomenon, e.g. the decay of a particle, takes place in some
reference frame, spacetime transformations should always allow all the observers to agree on the fact that such a decay
happened. One consequence of this principle is that interaction vertices should be conserved by boost transformations.
For instance, in the decay of a particle with momentum p in two particles with momenta k and q, we expect to have
p′ = k′ ⊕ q′ , where p, q and k are transformed according to (35). However, taking into account that our deformed
addition of momenta (k ⊕ q)µ = Dµ(k, q) can be nonlinear, generally
D(k, q)′ 6= D(k′, q′) . (36)
To obtain equality, we need to dig further in the formalism of Planck-scale deformed relativistic theories.
A. The momentum-dependence of Lorentz transformations
In order to solve the problem expressed in (36) it may be of some help to focus on a particular deformed relativistic
framework, and then try to generalize our approach. κ-Poincare´ is the most-studied Hopf-algebra deformation of rel-
ativistic symmetries. This algebra fits within our general framework. κ-Poincare´ possesses a so-called ’bicrossproduct
structure’ [12], meaning that both the algebra and the coalgebra are a semidirect product of a momentum sector
with the Lorentz algebra, and this structure implies the existence of a co-action (or ’backreaction’) of the momentum
sector on the Lorentz part, which is a novelty of the model. The discovery of the bicrossproduct structure was instru-
mental in identifying the noncommutative spacetime this Hopf algebra acts covariantly on, the so-called κ-Minkowski
spacetime [12].
Later the phenomenon of ‘backreaction’ was given a physical interpretation [23]: it is the fact that, to boost in a
covariant way a set of particles participating in a vertex, one needs to transform each particle momentum with a
different rapidity. This feature can be formalized by making explicit the Lorentz group element implicit in (36). Call
p′ = Λ(Ξ, p), where Ξ ∈ SO(3, 1), p ∈ T (p) and Λ : SO(3, 1) × T (p) → T (p) represents the transformation law of
momentum p by the Lorentz group element Ξ. Then we can write
Λ(Ξ, k ⊕ q) = Λ(Ξ(1)(k, q), k)⊕ Λ(Ξ(2)(k, q), q). (37)
where Ξ1 = Ξ1(k, q) and Ξ2 = Ξ2(k, q) are SO(3, 1)-valued functions of k, q and Ξ (in the special-relativistic case they
both coincide with Ξ). In other words, as observed first in [23], while Special Relativity is implicitly assuming that the
three momenta in the vertex k, q and k⊕ q all transform with the same Lorentz group element Ξ, the nonlinearity of
the momentum composition law may impose more complicated relations, in which each momentum transforms with
a different Lorentz group element. In [23] the particular case of κ-Poincare´ was studied, and the findings of [23] were
that there is a ‘backreaction’ effect of momenta on Lorentz transformations, which, for infinitesimal transformations,
can be interpreted as an action of momenta on rapidity. The complications due to the ’backreaction’ factor are the
explicit manifestation of quantum deformations of the symmetry group: even if we map (x, p)→ (X,P ), in order to
7simplify the algebraic sector to the classical Poincare´ algebra, we still have to deal with a complex coalgebraic sector
which cannot be mapped away. This sector of the Hopf algebra describes the deformations. Therefore if on one hand
one can express Lorentz transformation through classical hyperbolic functions depending on rapidity (32), on the
other hand the nonlinearity of the composition law for momenta, due to the nontrivial coproduct, imposes deformed
transformations on the parameter ξ itself.
Those deformations can be easily calculated in general: equations (37) impose a series of constraints on the functions
Ξ(1)µ
ν(k, q), Ξ(2)µ
ν(k, q), Dµ(k, q) and Λµ(Ξ, q). In [21] these constraints were calculated in a perturbative setting (at
first order in M−1 and assuming undeformed rotational simmetry). The constraints found were enough to completely
fix Ξ(1)µ
ν(k, q) and Ξ(2)µ
ν(k, q), and to establish a few relationships between the parameters of Dµ(k, q) and Λµ(Ξ, q).3
Using a simplified notation, equation (37) can be expressed in a more manageable way as
Λ(ξ,D(k, q)) = D(Λ(ξ1, k),Λ(ξ2, q)) . (38)
We will apply this approach further in this article, finding a general expression for backreaction on rapidity, alongside
some constraints on parameters d1,2,3, imposed by the generalised Relativity Principle here addressed.
V. PERTURBATIVE RESULTS UP TO FIRST ORDER IN 1/M
We perform the analysis sketched above for general deformations (Eq. (3) above) where M is of order of Planck
mass up to first order in 1/M . In this case, [xˆµ, xˆν ] = i(aµxˆν−aν xˆµ)+O(1/M2), where aµ ∼ 1M uµ, uµuµ ∈ {−1, 0, 1},
which corresponds to time-, light- and space-like deformations respectively. The NC coordinates are given in eq. (7).
We will develop our analysis from the commutation relations defined in (1) and trivial momentum space coordinates
ones:
[xˆµ, xˆν ] = i(aµxˆν − aν xˆµ), [pµ, pν ] = 0, (39)
where the relation between vectors aµ and uµ is
aµ =
c1 − c2
M
uµ. (40)
From (39) and definition (7) we can easily obtain the deformed Heisenberg relations
[pµ, xˆν ] = −iηµν(1 + c1
M
(u · p))− i
M
(c2pµuν + c3uµuν(u · p) + c4uµpν). (41)
Another important feature of our Hopf-algebra structure, at first order in M−1, is the generalized addition of momenta
(composition law for momenta) which can be calculated from eq.(20):
(k ⊕ q)µ = kµ + qµ +M−1
(
c1kµ(u · q) + c2(u · k)qµ + c3uµ(u · k)(u · q) + c4uµ(k · q)
)
. (42)
Coordinates Xα, momenta Pβ and the Lorentz generators Mµν = XµPν − XνPµ, in the basis satisfying trivial
commutation relations, can be parametrized, in terms of the coordinates (x, p), by a family of three parameters
d1,2,3 ∼ 1/M :
Xµ = xµ − d1(xµ(u · p)− uµ(x · p))− 2d3uµ(u · x)(u · p)− 2d2(u · x)pµ, (43)
Pµ = pµ + d1(u · p)pµ + d2uµp2 + d3(u · p)2uµ, (44)
Mµν = (xµpν − xνpµ)− (uµxν − uνxµ)[d2p2 + d3(u · p)2]− [d1(x · p) + 2d3(u · x)(u · p)](uµpν − uνpµ). (45)
The Casimir operator expressed in terms of d1,2,3 is
C = P 2 = p2 + 2(d1 + d2)(u · p)p2 + 2d3(u · p)3. (46)
Generally, the coefficients c1,2,3,4 and d1,2,3 are in principle independent. However a stricter Hopf algebra structure
will allow-us to impose a few constraints between the two sets of parameters as we will see in the nex section for the
case of κ-Poincare´.
3 Alternatively, these constraints could be interpreted as fixing completely the parameters of Λµ(Ξ, q) as functions of the parameters of
Dµ(k, q), Ξ(1)µν(k, q) and Ξ(2)µν(k, q).
8A. κ-Poincare´ Hopf algebra
In the κ-Poincare´ case, the following relation holds [19]
[Pµ, xˆν ] = −i[ηµν(1 + a · P )− aµPν ] +O(1/M2), (47)
from which we can obtain some relations between the two set of parameters:
d1 = − c2
M
, d2 = −c1 − c2 + c4
2M
, d3 = − c3
2M
. (48)
Therefore in this specific case the coordinates and generators in the new basis can be expressed in terms of parameters
c1,2,3,4 only:
Xµ = xµ +M
−1(c2[xµ(u · p) + uµ(x · p)] + c3uµ(u · x)(u · p) + (c1 − c2 + c4)(u · x)pµ), (49)
Pµ = pµ − c2
M
(u · p)pµ − uµ
M
[
c1 − c2 + c4
2
p2 +
c3
2
(u · p)2
]
, (50)
Mµν = (xµpν − xνpµ) + (uµxν − uνxµ)
[
c1 − c2 + c4
2M
p2 +
c3
2M
(u · p)2
]
+
+M−1[c2(x · p) + c3(u · x)(u · p)](uµpν − uνpµ).
(51)
Using relations (48) also the Casimir of the algebra (46) can be re-expressed as
C = P 2 = p2 − c1 + c2 + c4
M
(u · p)p2 − c3
M
(u · p)3. (52)
We can now easily verify that, at first order in 1/M , for κ- Poincare´, the commutation relations with Mµν are just:
[Mµν , xˆλ] = xˆµηνλ − xˆνηµλ + aµMνλ − aνMµλ, (53)
and that the κ-Poincare´ Hopf algebra structure is
∆Pµ =∆0Pµ + Pµ ⊗ a · P + aµPα ⊗ Pα , (54)
∆Mµν =∆0Mµν + (δ
α
µaν − δαν aµ)P β ⊗Mαβ , (55)
S(Pµ) =− Pµ + (a · P )Pµ − aµP 2 , (56)
S(Mµν) =−Mµν − Pα(aµMνα − aνMµα) , (57)
which is in agreement with the exact results obtained in Ref.[19].
B. Parametrizing the momentum dependence of Lorentz parameters
In order to find the most general expression for rapidities ξ1 and ξ2 in 1+1 dimensions at first order in 1/M we can
write
ξ1 = ξ
(
1 +M−1(Aαkα +Bβqβ)
)
, (58)
ξ2 = ξ
(
1 +M−1(Cγkγ +Dδqδ)
)
. (59)
Parametrising equation (38) we obtain many interesting results. First of all we find that the rapidity parameter
related to one particle is not affected by its own momentum, namely A = D = 0. Moreover, we find a solution for the
other parameters, obtaining the general solution for momentum-dependent rapidities that we were looking for:
ξ1 = ξ
(
1− (M−1c2 + d1)(u · q)
)
,
ξ2 = ξ
(
1− (M−1c1 + d1)(u · k)
)
.
(60)
Finally, the Relativity Principle implemented in (37) and (38) in addition to the aforementioned results, implies two
constraints linking the momenta parameters d1,2,3 with the coordinate parameters c1,2,3,4:
d1 + d2 = −c1 + c2 + c4
2M
, d3 = − c3
2M
. (61)
9It should be noticed that these latter constraints, while on one hand leave one free parameter, on the other hand
make it possible to re-express the Casimir of the algebra (46) completely in terms of coordinate parameters c1,2,3,4,
since d1 and d2 only appear as a sum in C(p). Notably, the Casimir we obtain in this general case has the same form
of the κ-Poincare´ one (52).
In order to specialize our general formulas to the κ-Poincare´ backreaction we just need to fix d1 = −c2/M , since
two of the constraints in (48) are already contained in (61):
ξ1 = ξ,
ξ2 = ξ
(
1− c1 − c2
M
(u · k)
)
= ξ(1− a · k). (62)
These expressions reproduce at first order the exact result for backreaction factors in κ-Poincare´, obtained in [23].
Other combinations that may be worthy of some further investigation are the ones in which some of the parameters
are zero. For instance when d1 = d2 = d3 = 0 of course boost and Casimir are classical, but we would still
have nontrivial momenta coproducts, deformed composition law for momenta and momentum-dependent rapidity,
depending on two free parameters, say c1 and c2, while c4 = −(c1 + c2). This particular noncommutative spacetime
would have classical Poincare´ symmetries, but nontrivial coalgebra and a deformed Relativity Principle formalized by
ξ1 = ξ
(
1−M−1c2(u · q)
)
,
ξ2 = ξ
(
1−M−1c1(u · k)
)
.
(63)
The case c1 = c2 = c3 = c4 = 0 would still have an undeformed Poincare´ algebra Casimir, trivial composition law
for momenta and commutative coordinates, but also a deformed boost generator depending on just one free parameter
d1 = −d2:
Mµν = (xµpν − xνpµ) + d1
[
(uµxν − uνxµ)p2 − (x · p)(uµpν − uνpµ)
]
, (64)
For this reason this commutative model would still need momentum-dependence of Lorentz parameters in order to
conserve particle interaction vertices. The rapidity parameters in this case assume a nice symmetric form:
ξ1 = ξ (1− d1(u · q)) ,
ξ2 = ξ (1− d1(u · k)) . (65)
In the case where coordinates xˆµ are commutative (at least in the first order), which is given by c1 = c2 ≡ c, the
Casimir and the boost operator are deformed, depending on c, c3 and c4
C = P 2 = p2 − 2c+ c4
M
(u · p)p2 − c3
2M
(u · p)3, (66)
Mµν = (xµpν − xνpµ) + (uµxν − uνxµ)
[ c4
2M
p2 +
c3
2M
(u · p)2
]
+M−1[c(x · p) + c3(u · x)(u · p)](uµpν − uνpµ), (67)
but the rapidity parameters are also symmetric like in the previous case
ξ1 = ξ
(
1− (M−1c+ d1)(u · q)
)
,
ξ2 = ξ
(
1− (M−1c+ d1)(u · k)
)
.
(68)
The study of M -deformed particle interaction vertices is of paramount importance to characterize the relativis-
tic framework determined by the Hopf-algebra formalism related to nontrivial coordinate commutation relations.
Momentum-dependence of Lorentz transformations, as we explained in section IV, is an essential feature in this
picture, whose role is to match Hopf-algebra coproducts and composition laws (20) with a set of reference frames
transformations, characterized not just by the observers spacetime positions (and their relative velocity), but also by
the energy of the particles that they observe. This picture has inspired a rich phenomenology, investigating a class of
apparent nonlocal effects arising from the comparison of signals measured by distant observers.
VI. PHENOMENOLOGICAL APPLICATION TO THE STUDY OF ASTROPHYSICAL SIGNALS
There is a large literature studying the possibility to observe time delays between particles with different energies
emitted by astrophysical sources [6, 7]. Such an effect is very well known to be related to timelike (e.g. κ-Minkowski)
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coordinate noncommutativity [12]. There are also some preliminary results investigating Planckian transverse effects
(effects on the direction of propagation, rather than time-of-arrival) also called dual gravity lensing [8, 24] which in
some cases seem to be related to noncommutative spacetime models already studied for their non-Pauli statistics [25].
An interesting aspect of the vectorial generalization presented here is the possibility to summarize the entire range
of spacetime-quantization phenomenological features on particle propagation. We will formalize all those different
effects within the Relative Locality framework [26, 27], in order to intuitively identify the physical interpretation of
the different kind of Planck-scale deformations. This is possible since Relative Locality is a classical framework in
which both quantum and spacetime curvature effects are turned off, i.e. }→ 0 and G→ 0. At the same time however
Planck-scale deformations are still present as modification to the classical Hamiltonian mechanics since in this limit
M ∼ MP =
√
G/~ 6= 0. Since we are now working within a classical framework there is no point in describing
spacetime using noncommuttive coordinates xˆα. We can just use commutative ones xα, while all the features so far
formalized using commutation relations will be, from now on, expressed as nontrivial Poisson brackets, following the
well known relation
[A,B] = i}{A,B}. (69)
The other fundamental object for our analysis is the Hamiltonian operator that we will assume to be the Casimir (46)
of the algebra, (see for more details Ref. [27, 28])
C = p2 − c1 + c2 + c4
M
(u· p)p2 − c3
M
(u· p)3, (70)
in which parameters d2 and d3 of (46) have been re-expressed using constraints (61) obtained in Section V B. We
can formalize the deformation effects to the particles’ propagation through spacetime from x¯ to x, by studying their
worldlines ∫ xi
x¯i
dxi =
∫ x0
x¯0
vidx0, (71)
where, as in classical Hamiltonian mechanics, vi ≡ x˙i/x˙0 is the particle velocity along direction i, and
x˙α = {C, xα}. (72)
Let us assume now to observe a particle arriving at the origin with momentum |p| ≡ p1 in 2+1 dimensions, i.e. we set
the “1” direction as the arriving direction of the particle and p2 = 0 (see Figure 1). In classical mechanics equation
(72) would give us x˙2 = 0, and then the velocity we have in the worldlines (71) would only have one component
v1 6= 0. We may then trace back the source of the particle along direction “1” at a distance ∆x1 = v1·∆x0. However
since in our case the relation between momenta and velocity is in general not linear anymore, what can we say about
the spacetime position of the source and travel time?
In order to quantify the different effects we get in the timelike, spacelike and lightlike cases, let us take into account
a massless particle whose on-shell relation C = 0 gives
|p1| ' p0
(
1− c3
2M
p0(u
0 − u1)3
)
. (73)
After a few simple calculations we can find that in the general case the following relations hold{
v1 = 1 + c3M p0(u
0 − u1)3
v2 = − 32 c3M p0u2(u0 − u1)2
. (74)
As we previously mentioned, in the most studied example in literature in which we have just timelike deformation
u0 = 1, ui = 0, the only physical observable effect would be a time delay between particles with different energies,
given the deformation of v1. High energy particles would then propagate faster (or slower, according to the sign of
c3) than the low energetic ones. On the other hand the particle direction of propagation can always be inferred by an
observer, since we have u2 = 0 and then no v2 component. However in the other two cases (lightlike and spacelike)
the situation is a little bit more complicated: simultaneously-emitted particles with different energies would not only
arrive at different times at the detector, but the observer would infer a very small apparent angle between the two
directions of propagation of the order of θ ' v2 ∼ p0/MP .
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x0
x2
Figure 1. This simple scheme shows the characteristics of the effects that an observer would measure in the most general case. Observing
some particle with momentum p = |p1|, such an observer would infer, according to undeformed (classical) mechanics, the particle’s
trajectory to follow the red line, while taking into account the deformation effects, the emission time and the direction of propagation
(and therefore the position of the source) may change according to the particle’s energy, as described by the violet line.
VII. DISCUSSION AND OUTLOOK
In this paper we have presented a study of a large set of noncommutative spacetimes, their symmetries and their
physical features. We developed our investigation starting from the parametrization presented in (7), evolving the
proposal suggested in [10]. We have studied the Hopf algebra structure related to the symmetry generators of a
vector-like generalization of κ-Minkowski spacetime, as well as their relativistic framework. We have found that the
relations between the parameters obtained from particles vertices conservation-laws (61) are compatible with the ones
independently found imposing the characteristic κ-Poincare´ Heisenberg-algebra commutation relations (47). The κ-
Poincare´ Hopf algebra is in fact a specific subset of this general family of relativistic algebras, characterized by one
more constraint between parameters c(1,2,3,4) and d(1,2,3).
We have discussed the momentum-dependent Lorentz transformations that one should in general expect when
studying particles interactions, obtaining a generic expression for momentum-dependence of the boost parameters
of different particles. We also analysed a few interesting particular cases in which even if the symmetry generators
algebra is trivial or coordinates commute, non trivial effects and momentum-dependence on the boost rapidity should
be nonetheless expected due to the nontrivial composition law for momenta. More insight on the theoretical aspects
of this effect could come from the study of classical quasigroups with generalized composition law of parameters (see
e.g. [29]) which may be useful for the task of composing nonlinear realizations as considered in this paper.
Once we defined the relativistic kinematics, we have finally been able to investigate on the phenomenology of
particle propagation along astrophysical distances, connecting the shape of different noncommutative spacetimes with
a characteristic phenomenology. Both the coordinates nontrivial commutation relation and the Planck-scale deformed
particles velocities are in fact formalized through their typical vector uµ configuration (timelike, lightlike or spacelike).
The vector-like generalization in fact allows us to summarize with a simple parametrization a large range of effects
(see [6] and [24]) previously only studied separately.
The phenomenological interpretation is particularly manageable in the so-called Relative Locality limit (in which
both G, } → 0), where phase space is deformed by Planck-scale Hopf algebraic remnants. It is remarkable to notice
that this classical limit finds a formal realization (at least at first order in 1/M) in the so called Finsler geometry
framework [30], a generalization of Riemannian geometries whose fumdamental element is a non-quadratic norm F (x˙)
instead of a quadratic arclength. Then it may be interesting to dedicate some further effort in studying a large family
of those geometries, their metrics, and their connections, characterized by different shapes of vector uµ.
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